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a b s t r a c t
If K and L are mutually dual pointed convex cones in Rn with the metric projections onto
them denoted by PK and PL respectively, then the following two assertions are equivalent:
(i) PK is isotone with respect to the order induced by K (i.e. v− u ∈ K implies PKv− PKu ∈
K ); (ii) PL is subadditivewith respect to the order induced by L (i.e. PLu+PLv−PL(u+v) ∈ L
for any u, v ∈ Rn).
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
The metric projection onto convex cones is an important tool in solving problems in metric geometry, statistics, image
reconstruction etc. Both the solvability and the approximation of solutions of nonlinear complementarity problems can
be handled by using the metric projection onto the convex cone associated with the problem. The idea of relating the
ordering induced by the convex cone and the metric projection onto the convex cone goes back to the paper [1] of Isac
and Németh, where a convex cone in the Euclidean space which admits an isotone projection onto it (called then an isotone
projection cone) was characterized. The isotonicity is considered with respect to the order induced by the convex cone. The
same authors [2] and Bernau [3] considered a similar problem for the Hilbert space. It turns out that the isotonicity of the
projection is a very strong requirement, which implies the latticiality of the order induced by the convex cone. This is true
even if the projection is with respect to a norm which is not generated by the scalar product of the Hilbert space or an even
more general functional [4]. Thus the investigation of the isotone projection cones becomes part of the theory of latticially
ordered Hilbert spaces. In this context it has been related by Isac and Persson to other lattice theoretic notions in [5,6].
The isotonicity of the projection provides new existence results and iterative methods in complementarity theory [7–9].
In almost all the applications, projection onto the convex cone is part of the iterative processes; hence its efficiency is of
crucial importance. A simple finite method of projection on isotone projection cones proposed by us (see [10]) has become
important in the effective handling of all the problems involving projection onto them. Besides nonlinear complementarity,
isotone projection cones have applications in other domains of optimization theory. The positive monotone convex cone
used in the Euclidean distance geometry (see [11]) is an isotone projection one. Our method has become important
in the effective handling of the problem of map-making from relative distance information, e.g., stellar cartography
(see www.convexoptimization.com/wikimization/index.php/Projection_on_Polyhedral_Convex_Cone and Section 5.13.2.4
in [11]).
Dealing with nonlinear complementarity problems too, Abbas and Németh have considered in the recent paper [12] the
so called ∗-isotonicity, which means that the metric projection onto the convex cone transforms isotonically the order with
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respect to the dual of the convex cone in the order defined by the convex cone itself. This type of isotonicity gives rise to
some conclusions which put the result in [1] in a new light.
Németh has conjectured a kind of duality between themetric projection onto a closed generating pointed convex cone K
in a real Hilbert space and its dual convex cone L in the sense that theK -isotonicity of PK (i.e. v−u ∈ K implies PKv−PKu ∈ K )
is equivalent to the L-subadditivity of PL (i.e. PLu+ PLv − PL(u+ v) ∈ L for any u, v ∈ Rn), but he was able to prove only a
very particular form of this claim in [13].
The aim of this note is to establish the above equivalence in Euclidean spaces. The structure of our note is as
follows.
Section 2 constitutes general preparatory material, comprising classical results from the convex analysis prepared for
our special needs, and contains the statement of our main result (Theorem 1). Section 3 is devoted to some results regarding
the ∗-isotone cones. The main theorem is proved in Section 4. Section 5 comprises its consequences.
Our method is essentially finite dimensional and gives few indications as regards how to handle the problem in Hilbert
spaces too. Thus the above mentioned claim for Hilbert spaces remains open.
2. Preliminaries and the main result
Next, we shall use the standard terminology and some standard results taken from convex analysis. They can be found
in classical textbooks and monographs on the field (see e.g. [14] or [15]).
The nonempty set K ⊂ Rn is called a convex cone if it satisfies the conditions (i) K + K ⊂ K and (ii) tK ⊂ K , ∀ t ∈ R+ =
[0,+∞). The convex cone K is pointed if (iii) K ∩ (−K) = {0}. The convex cone K is said to be trivial if K = {0} and is said
to be generating if K − K = Rn. A classical result from the convex analysis says that the convex cone K is generating if and
only if it possesses interior points (see e.g. Theorem 6.2 in [14, p. 45]).
The convex conical hull cn M of a setM ⊂ Rn is the convex cone defined by
cn M = {t1m1 + · · · + tkmk : k ∈ N, mi ∈ M, t i ∈ R+; i = 1, . . . , k}.
In this case we say thatM generates the convex cone cn M .
The convex cone K is called simplicial if it is the convex conical hull of n linearly independent vectors from Rn, that is, if
K = cn {e1, . . . , en} := {t1e1 + · · · + tnen : t i ∈ R+, i = 1, . . . , n}
with e1, . . . , en linearly independent elements in Rn. A simplicial cone is generating, closed, pointed and convex.
Putting u≤K v, u, v ∈ Rn whenever v−u ∈ K , the pointed convex cone K induces an order relation inRn, i.e., a reflexive,
transitive and antisymmetric binary relation which is translation invariant (that is, u≤K v implies u + z≤K v + z for any
z ∈ Rn), and scale invariant (that is, u≤K v implies tu≤K tv for any t ∈ R+).
The subset K0 of the convex cone K is called the face of K if it is a convex cone and from x ∈ K , y ∈ K0 and y− x ∈ K it
follows that x ∈ K0.
Using the order relation induced by the convex cone K , we have that the subset K0 of K is the face of K if it is a convex
cone and from 0≤K x≤K y and y ∈ K0 it follows that x ∈ K0. If a face of K has dimension 1, then it will be called an edge of
K . A face K0 is an exposed face of K if K0 = K ∩ H , where H is a supporting hyperplane of K .
The dual of the convex cone K is the set
K ∗ := {y ∈ Rn : ⟨x, y⟩ ≥ 0, ∀ x ∈ K},
with ⟨·, ·⟩ the standard scalar product in Rn. K is called superdual if K ∗ ⊂ K . For technical reasons we also have to consider
the polar K⊥ = −K ∗ of the convex cone K . If K is closed, pointed, and generating, the dual K ∗ (as well as the polar K⊥) is
also a closed, convex, pointed, generating convex cone.
If K is a closed convex cone, then from the extended Farkas lemma, (or bipolar theorem; see e.g. Theorem 14.1 in [14, p.
121]), K ∗∗ := (K ∗)∗ = K and K⊥⊥ = (K⊥)⊥ = K . If L is another closed, convex cone, then K and L are calledmutually polar
if and only if L = K⊥ (and hence K = L⊥ by the lemma of Farkas). Similarly, K and L are called mutually dual if and only if
L = K ∗ (and hence L∗ = K ).
Denote by PK : Rn → K the projection onto the closed convex cone K (or the nearest point mapping), which associates
with x ∈ Rn its (unique with respect to the Euclidean metric [15]) nearest point PK x ∈ K in K .
The projection mapping PK onto K is characterized by the following theorem of Moreau [16].
Theorem (Moreau). Let K , L ⊂ Rn be two mutually polar convex cones in H. Then, the following statements are equivalent:
(i) z = x+ y, x ∈ K , y ∈ L and ⟨x, y⟩ = 0,
(ii) x = PK (z) and y = PL(z).
Let K , L ⊂ Rn be arbitrary pointed convex cones. The mapping ρ : Rn → Rn is called (K , L)-isotone if x≤K y implies
ρ(x)≤L ρ(y). A (K , K)-isotone mapping is called K -isotone.
The projection mapping PK is called K -subadditive if PK (u+ v)≤K PKu+ PKv for any u, v ∈ Rn.
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Using the above introduced terminology we are now ready to state our main result:
Theorem 1. Let K and L be mutually dual pointed closed convex cones in Rn. Then, the following three assertions are
equivalent:
(1) PK is K-isotone;
(2) PL is L-subadditive;
(3) L is a simplicial cone generated by edges with mutually non-acute angles.
A convex cone having the property stated in item 3 is called in [17] coisotone.
The equivalence of the assertions 1 and 3 is proved in [1]. The aim of our note is to prove the equivalence of the assertions
2 and 3.
3. ∗-isotone projection cones in Rn
The results of this section are valid in the more general context of the real Hilbert spaces too. Some results are particular
forms of the ones proved in [12] and are included herein for the sake of completeness.
Let K ⊂ Rn be a closed, convex, pointed generating convex cone. If PK : Rn → Rn is (K ∗, K)-isotone, then K will be called
a ∗-isotone projection cone.
Lemma 1. Let K ⊂ Rn be a closed, pointed convex cone and u, v ∈ Rn. Then, PK (u+ v)≤K u if and only if v≤K PK⊥(u+ v).
Proof. We have
u+ v = PK (u+ v)+ PK⊥(u+ v),
and hence
u− PK (u+ v) = PK⊥(u+ v)− v,
which implies the equivalence. 
Proposition 1. The generating, closed, pointed convex cone K ⊂ Rn is a ∗-isotone projection cone if and only if PK (u+ v)≤K u
for any u ∈ K and any v ∈ K⊥.
Proof. Suppose that K is a ∗-isotone projection cone. Let u ∈ K and v ∈ K⊥ be arbitrary. Then, u + v≤K∗ u implies
that
PK (u+ v)≤K PKu = u.
Conversely, suppose that
PK (u+ v)≤K u (1)
for any u ∈ K and any v ∈ K⊥. Let x, y ∈ Rn with x≤K∗ y. Then, by Moreau’s theorem x≤K∗ y≤K∗ PKy. Thus,
x≤K∗ PKy. (2)
Let u = PKy and v = x − PKy. Then, obviously u ∈ K and, by inequality (2), v ∈ K⊥. Hence, we can use inequality (1) to
obtain
PK x = PK (u+ v)≤K u = PKy.
Therefore, K is a ∗-isotone projection cone. 
Corollary 1. The convex cone K ⊂ Rn is a ∗-isotone projection cone if and only if PK x≤K u for any u ∈ K and any x ∈ Rn with
x≤K∗ u.
Proof. Use Proposition 1 with v = x− u ∈ K⊥. 
Proposition 2. Let K ⊂ Rn be a generating, closed, pointed convex cone. The projection mapping PK⊥ is K-isotone if and only if
v≤K PK⊥(u+ v) for any u ∈ K and any v ∈ K⊥.
Proof. Suppose that PK⊥ is K -isotone. Let u ∈ K and v ∈ K⊥ be arbitrary. Then, v≤K u + v implies that v = PK⊥v≤K PK⊥
(u+ v).
Conversely, suppose that
v≤K PK⊥(u+ v) (3)
for any u ∈ K and any v ∈ K⊥. Let x, y ∈ Rn with x≤K y. Then, by Moreau’s theorem, PK⊥x≤K x≤K y. Thus,
PK⊥x≤K y. (4)
174 A.B. Németh, S.Z. Németh / J. Math. Anal. Appl. 392 (2012) 171–178
Let u = y − PK⊥x and v = PK⊥x. Then, by inequality (4), u ∈ K and obviously v ∈ K⊥. Hence, we can use inequality (3) to
obtain
PK⊥x = v≤K PK⊥(u+ v) = PK⊥y.
Therefore, PK⊥ is K -isotone. 
Lemma 1 and Propositions 1 and 2 imply the following:
Proposition 3. The generating, closed, pointed convex cone K is a ∗-isotone projection cone if and only if the projection mapping
PK⊥ is K-isotone.
Theorem 2. The generating, closed, pointed convex cone K is a ∗-isotone projection cone if and only if the projection mapping
PK is subadditive with respect to the order induced by K .
Proof. Suppose that K is a ∗-isotone projection cone. Let x, y ∈ Rn be arbitrary. Since x≤K x + PKy, Proposition 3 implies
that
PK⊥x≤K PK⊥(x+ PKy). (5)
On using Moreau’s theorem, inequality (5) becomes
x− PK x≤K x+ PKy− PK (x+ PKy),
or equivalently
PK (x+ PKy)≤K PK x+ PKy. (6)
On the other hand, by applying again Moreau’s theorem, we get
(x+ PKy)− (x+ y) = PKy− y = −PK⊥y ∈ K ∗,
and hence
x+ y≤K∗ x+ PKy. (7)
Since PK is (K ∗, K)-isotone, inequality (7) implies that
PK (x+ y)≤K PK (x+ PKy). (8)
From inequalities (6) and (8), we obtain
PK (x+ y)≤K PK x+ PKy.
Therefore, PK is subadditive with respect to the order induced by K .
Conversely, suppose that PK is subadditive with respect to the order induced by K . Let x≤K∗ y and v = y− x ∈ K ∗. Then,−v ∈ K⊥ and hence the subadditivity of PK , PK (K⊥) = 0, and Moreau’s theorem implies
PK x = PK (y− v)≤K PKy+ PK (−v) = PKy.
Therefore, K is a ∗-isotone projection cone. 
4. The proof of the main result
We shall need in the proof the following preparatory result:
Lemma 2. Let u1, . . . , un be linearly independent elements in Rn satisfying the conditions ⟨ui, uj⟩ ≤ 0, i, j = 1, . . . , n, i ≠ j.
Then the cone cn {u1, . . . , un} is superdual, that is, it contains its dual (cn {u1, . . . , un})∗, or equivalently, if for some v ∈ Rn one
has ⟨v, ui⟩ ≤ 0, i = 1, . . . , n, then
v = c1u1 + · · · + cnun with c i ∈ R, c i ≤ 0, i = 1, . . . , n. (9)
Proof. We shall prove the second assertion. If w1, . . . , wn are obtained from u1, . . . , un using Gram–Schmidt orthogonal-
ization, thenwi is in the cone generated by u1, . . . , ui for all i. We verify this assertion by induction on i.
Indeed, the known formulas for thewi are given as
w1 = u1,
wi = ui −
i−1
j=1
⟨wj, ui⟩
⟨wj, wj⟩wj, i = 2, . . . , n. (10)
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Suppose thatw1, . . . , wi−1 were determined such that each of them is a linear combinationwith nonnegative coefficients
of the vectors uj with j ≤ i−1 and ⟨wk, wj⟩ = 0, k, j ≤ i−1, k ≠ j. Then from (10) we have ⟨wi, wj⟩ = 0, j = 1, . . . , i−1.
By the induction hypothesis on wj, j ≤ i− 1, being linear combinations of u1, . . . , ui−1 with nonnegative coefficients, and
by the condition on these elements, it follows that− ⟨wj,ui⟩⟨wj,wj⟩ ≥ 0. Thus on the right hand side of the above equality we have
a linear combination of u1, . . . , ui with nonnegative coefficients.
We have obviously thatw1, . . . , wn are linearly independent.
Let us consider the representation
v = d1w1 + · · · + dnwn, dj ∈ R, j = 1, . . . , n. (11)
Since ⟨v, ui⟩ ≤ 0, i = 1, . . . , n, by hypothesis and since the wk are combinations with nonnegative coefficients of
u1, . . . , uk, k = 1, . . . , n, we have ⟨v,wk⟩ ≤ 0, k = 1, . . . , n.
Assume that we have in (11) dk > 0 for some k. By multiplying this relation bywk, we obtain
0 ≥ ⟨v,wk⟩ = dk⟨wk, wk⟩ > 0,
a contradiction which shows that we must have dk ≤ 0, k = 1, . . . , n.
Let us insert the representation of wk, k = 1, . . . , n, as linear combinations of uj, j = 1, . . . , n, in (11). Since the
coefficients in these representations are nonnegative and dk, k = 1, . . . , n, are nonpositive, we get a representation of v
as a linear combination of u1, . . . , un with nonpositive coefficients. But the resulting coefficients must be the coefficients
c1, . . . , cn in (9) and thus assertion (9) is proved. 
Let ∥ · ∥ be the norm induced by the scalar product ⟨·, ·⟩, that is, for any vector x ∈ Rn, ∥x∥ = √⟨x, x⟩.
Corollary 2. If
K = cn {e1, . . . , em} (12)
is a generating pointed convex cone, where ∥ei∥ = 1 and ⟨ei, ej⟩ ≤ 0, i, j = 1, . . . ,m, i ≠ j, then m = n (and the elements
ei, i = 1, . . . , n, are linearly independent).
Proof. Since K is generating, among the ei there exist n linearly independent elements, say e1, . . . , en. If there were to exist
some ek with k > n, then by Lemma 2 it would follow that ek ∈ −K . But this is impossible, since ek ∈ K , K is pointed and
∥ek∥ = 1. 
It is a standard result from the convex analysis that the closed, pointed, convex cone K is the convex hull of its edges. From
a classical result of Straszewicz [18], we have that an edge can be arbitrarily approximated by exposed edges. (The theorem
of Straszewicz says in fact that if C is a compact convex set in Rn, then the set of exposed points among the C-points of C
which are unique intersections of C with some of its supporting hyperplanes is dense in the set of extreme points among
the C-points of C with the property that there do not exist open line segments in C containing them. Now, if K is a pointed
closed convex cone in Rn and h ∈ Rn is strictly positive on K in the sense that ⟨h, x⟩ > 0 whenever x ∈ K \ {0} – such a
functional always exists for closed pointed convex cones in separable Banach space [19] too – then the set C = K ∩ H with
H = {x ∈ Rn : ⟨h, x⟩ = ⟨h, x0⟩}, with an arbitrarily fixed nonzero element x0 in K , is a base of K , that is a convex subset in
K with the property that each y ∈ K \ {0} can be uniquely expressed in the form y = txwith some t ∈ R, t > 0, and some
x ∈ C . Standard reasoning reveals that the set C is a compact subset of H . We can apply the Straszewicz theorem for C and
H identified with Rn−1. The rays from 0 to extremal points of C will be edges of K ; the rays from 0 through exposed points
of C will be exposed edges of K . Now, by the theorem of Straszewicz, each edge of K can be arbitrarily approximated by its
exposed edges in the sense that every point of an edge of K can be arbitrarily approximated in norm by points on exposed
edges of K .)
Lemma 3. If a generating closed, pointed convex cone K possesses two edges forming an acute angle, then it cannot be a ∗-isotone
projection cone.
Proof. Let us introduce the notation
SK := {x ∈ bd K : ∥x∥ = 1},
with bd K the boundary of K and ∥ · ∥ the Euclidean norm. SK is a closed, bounded, and hence a compact set.
From the above mentioned theorem of Straszewicz, it follows that the subset A ⊂ SK with the property that e ∈ A
generates an exposed edge in K is dense in E ⊂ SK , the set with the property that e ∈ E generates an edge of K . The theorem
of Carathéodory implies that
K = cn SK = cn E = cn cl A.
We shall carry out a proof by contradiction. Suppose that K is a ∗-isotone projection cone which possesses two edges
forming an acute angle.
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By the above remarkwe can assume that there are elements e1 and e2 in A such that they generate distinct exposed edges
of K and ⟨e1, e2⟩ > 0.
Since int K ≠ ∅, it follows from the properties of PK that for every x ∈ bd K the set Nx = {v ∈ Rn : PK (x+ v) = x} is a
nontrivial convex cone in Rn called the cone normal to K at x. It is also well known that−Nx ⊂ K ∗ for every x ∈ bd K .
Since e2 generates an exposed edge of K , there exists a hyperplane H which supports K at e2 and H ∩ K = {te2 : t ∈
R+} = D. Denote by −u the normal of H in the direction of the half-space which does not contain K . Then, −u ∈ Ne2 and
hence u ∈ K ∗, and ⟨u, y⟩ > 0, ∀ y ∈ K \ D. Thus, we have ⟨u, e⟩ > 0 for e ∈ SK \ {e2}.
Take λ > 0, so as to have
λ⟨e1, e2⟩ − 1 > 0.
The set
U := {e ∈ SK : λ⟨e, e1⟩ − 1 > 0}
is open in SK and contains e2. Since B = SK \ U is compact,
γ := min{⟨u, e⟩ : e ∈ B} > 0.
Choose µ > 0 such that
−λ− 1+ µγ ≥ 0.
Consider the element
x := λe1 − e2 + µu.
We shall show that x ∈ K ∗. It is enough to prove that
⟨e, x⟩ ≥ 0, ∀e ∈ SK .
If e ∈ U , then by the definitions of U and uwe have
⟨e, x⟩ = λ⟨e, e1⟩ − ⟨e, e2⟩ + µ⟨e, u⟩ ≥ λ⟨e, e1⟩ − ⟨e, e2⟩ ≥ 0,
and for e ∈ B,
⟨e, x⟩ = λ⟨e, e1⟩ − ⟨e, e2⟩ + µ⟨e, u⟩ ≥ −λ− 1+ µγ ≥ 0.
Take v := λe1, w := e2 − µu. Then,
v − w = λe1 − e2 + µu = x ∈ K ∗
and hence
w≤K∗ v, (13)
and
PKv = λe1. (14)
Since−u ∈ Ne2 , we have−µu ∈ Ne2 and then
PKw = PK (e2 − µu) = e2. (15)
Since K is ∗-isotone, formulas (13)–(15) imply that e2≤K λe1. But we cannot have e2≤K λe1 because this relation would
imply that e2 is on the edge generated by e1, contradicting the hypothesis that e1 and e2 generate different exposed edges
of K . 
Lemma 4. If K is a ∗-isotone projection cone, then it is a simplicial convex cone generated by edges forming mutually non-acute
angles.
Proof. By Lemma 3 and the fact that K is the convex hull of its edges, it follows that K can have only a finite number of edges
(if not, there would exist different edges with an acute angle). If the number of edges is finite, it follows (from Straszewicz’s
theorem) that each edge is exposed. Let e1, . . . , em be nonzero vectors generating the different edges of K . Since K is a
generating convex cone, we must have m ≥ n. Since ⟨ei, ej⟩ ≤ 0, i ≠ j (by Lemma 3), and since K is pointed, it follows
from Corollary 2 thatm ≤ n. Hencem = n and e1, . . . , en generate K and, since this convex cone is generating, the elements
ei, i = 1, . . . , n, must be linearly independent. Thus, K is a simplicial convex cone with the desired property. 
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The proof of Theorem 1
The proof of the equivalence 2 ⇔ 3 depends on Theorem 4 in [12]. For the sake of completeness we state this theorem
here as follows:
Theorem 3. The simplicial cone K ⊂ Rn is a ∗-isotone projection cone if and only if it is coisotone, i.e., it is a simplicial cone with
edges forming mutually non-acute angles.
Theorem 2 states that the convex cone L is a ∗-isotone projection cone if and only if PL is L-subadditive. From Lemma 4, it
follows that if L is a ∗-isotone projection cone, then it must be a convex cone with the property 3 in Theorem 1. From these
two results, it follows that if PL is L-subadditive, then Lmust have property 3 of the Theorem 1. Thus, 2 implies 3.
Theorem 3 asserts that whenever L is simplicial, it is a ∗-isotone projection cone if and only if it is coisotone, that is if
and only if it has the property 3 in Theorem 1. Invoking again Theorem 2, we conclude that if L possesses property 3 of
Theorem 1, then PL must be L-subadditive, that is, 3 implies 2.
Thus, the proof of the equivalence of the assertions 2 and 3 of Theorem 1 is complete.
5. Consequences of Theorem 1
In order to make the proof of the equivalence of 1 and 3 in [1] more transparent, in [20] some other equivalences were
considered.
The ordering≤K is called latticial if and only if for every pair of elements x, y ∈ Rn there exists their least upper bound
sup{x, y}. The classical theorem of Youdine [21] asserts that for a closed convex cone K the induced relation≤K is latticial if
and only if K is simplicial. Using the notation x+ := sup{0, x}, x− := sup{0,−x}, one has x = x+ − x−.
The convex cone K is called polyhedral if and only if it is generated by a finite number of elements.
The convex cone K ⊂ Rn is called correct (or projectionally exposed) if and only if for every face F of K we have that
Psp F (K) ⊂ F , where sp F is the linear span of F .
Gathering the results of [20] and those following from Theorem 1 and its proof, we have a list of equivalent assertions:
Theorem 4. Let K and L be mutually dual closed pointed convex cones in Rn. The following assertions are equivalent:
(1) PK is K-isotone;
(2) K is correct and simplicial;
(3) K is polyhedral and correct;
(4) K is simplicial and PK x≤K x+ for any x ∈ Rn;
(5) L = cn {e1, . . . , en} with ⟨ei, ej⟩ ≤ 0 for i ≠ j;
(6) L is a ∗-isotone projection cone;
(7) PL is L-subadditive.
In a particular case we have the equivalences.
Theorem 5. If K is a pointed, closed, generating convex cone in Rn, then the following assertions are equivalent:
(1) PK is K-isotone and K-subadditive;
(2) K = cn {e1, . . . , en} with ei, i = 1, . . . , n, linearly independent elements and ⟨ei, ej⟩ = 0, i ≠ j;
(3) ≤K is latticial and ∥x∥ = ∥|x|∥, for any x ∈ Rn, where |x| = x+ + x−.
Proof. The equivalence of 1 and 3 is contained in the theorem of [13], which is proved in Hilbert space settings. Hence, it
does not contain the equivalence of 2 and 3. Let us supply its proof here.
Suppose that 2 holds and ∥ei∥ = 1, i = 1, . . . , n. Then, {e1, . . . , en} is the orthonormal basis of a Cartesian reference
system in Rn. Take x ∈ Rn arbitrarily. Then,
x = x1e1 + · · · + xnen, ∥x∥2 = (x1)2 + · · · + (xn)2, |x| = |x1|e1 + · · · + |xn|en,
whereby the relation ∥x∥ = ∥|x|∥ follows easily.
Suppose that 3 holds. Then, K is simplicial and hence it can be represented as
K = cn {e1, . . . , en},
with ei, i = 1, . . . , n, linearly independent elements. For x ∈ Rn we have
∥x∥2 = ⟨x+ − x−, x+ − x−⟩ = ∥x+∥2 − 2⟨x+, x−⟩ + ∥x−∥2,
∥|x|∥2 = ⟨x+ + x−, x+ + x−⟩ = ∥x+∥2 + 2⟨x+, x−⟩ + ∥x−∥2,
and by 3 it follows that
⟨x+, x−⟩ = 0.
On taking x = ei − ej with i ≠ j and observing that x+ = ei, x− = ej, the above deduced relation yields
⟨ei, ej⟩ = 0, i ≠ j. 
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